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Dynamic Pricing with Duration Consideration

in Rental Business

Li Kun

Abstract

We consider the basic problem of a service firm that offers a product for rental to its customers for a fixed
rental duration. Many firms prefer a predetermined rental duration to simplify the rental/return process and
offer a fixed duration, such as two days, to appeal to most of its potential clients. As customer demand
is normally stochastic and dependent on the rental rate, the firm has to determine not only its initial stock
level but also the rental rate for its product to maximize its total profit. We present a two-stage discrete-time
model to examine the rental problem. In stage one, the total time horizon is divided into N days and returned
units are added to the stock at the beginning of each day. In stage two, the first day is divided into K time
periods, each period is a small time interval Ar. At each time period, we dynamically adjust the rental rate
according to the stock level inventory on hand and expected rental demand. We obtain the optimal pricing
policy for this problem and show the existence and uniqueness of the optimal price policy. We demonstrate
the expected optimal revenue is concave in the inventory level through numerical analysis. Meanwhile, we
analyze the effects of the potential market size and price sensitive index by numerical studies. We find the
optimal solution of the deterministic demand and show the optimal revenue is concave in the inventory on
hand. Finally we show the deterministic case is the upper bound of stochastic problem and the periodical

fixed price policy is asymptotical optimal as the inventory and the customer arrival go infinity.
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Introduction

In recent time, the accelerating growth of the world economy has stimulated an explosive
development in rental industry. Some news report that the market size of the rental busi-
ness reaches hundreds of billions these days. A person or a company can now rent a wide
range of things- from personal to industry products, equipment and facilities. Aircraft,
oil rigs, ships, apartments, lockers, safe deposit boxes, furniture, books, and videos are
now offered for rent. As diverse as the items available for rentals, different rental prac-
tices exist in the rental service businesses. Some firms, for example, offer customers the
flexibility to choose different rental durations that best suit their individual needs. Many
others prefer offering their customers a pre-specified rental duration to better manage the
rental/return processes and the utilization of their rental items. Products such as books,
videos, weekend chalets are often offered for rental for a pre-specified duration.

Our generic problem comes from the pre-specified duration rental business. In the
pre-specified duration rental business, retailer offer an arrive customer a pre-specified
duration to use a product or service and the customer pay for it and return the product
before due day. In this paper, we consider a service firm that offers a single or multiple
units of a product for rental to its customers. The product is offered for rental to potential
customers over a rental horizon of N days, the life-cycle of the product. At the beginning
of the rental horizon, the firm must decide on the number of units that it wishes to offer

to its customers for rental. Each unit rented to a customer is assumed to be leased out
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for a fixed rental duration, pre-set by the firm to meet the need of all its customers. The
customer arrival rate is assumed to be stochastic, non-stationary and dependent on the
rental rate charged by the firm; and each customer arrival is a request for one unit of the
product.

If a unit is available in stock, the request of the customer is fulfilled. Otherwise, the
customer turns away. On the last day of the rental duration, we assume the customer will
return the rented unit promptly on the due-date. This assumption is reasonable because
the rental duration is usually short and there is no incentive to return unit early before the
due date. All returned units on the same day are then checked and available for rental at
the beginning of the next day.

We formulate the above problem as a two-stage dynamic pricing model. The objective
of the firm is to maximize its total profits by determining the optimal number of units
available at the start of the rental horizon and adjusting the rental rates dynamically over
the entire rental horizon time. Figure 1 illustrates the rental problem described above.

Our model provides the following insights and results to the rental service problem

examined in our paper:

1. We find the optimal price policy of the rental problem. We also show the existence
and uniqueness of this price policy. Base on this optimal policy, we use numerical
method to demonstrate the optimal expected revenue is monotone and concave in
the inventory level. We also study the effects of potential market size and price

sensitive index by numerical analysis.

2. We compare the performance of the optimal price policy under different combi-
nation of analysis periods K and rental duration r. The result suggests the time
properties of the optimal expected revenue broken because the existence of return

process.

3. We provide optimal policy price for deterministic demand and compare the differ-
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ences between single period and multi periods problem. We also present the optimal
solution of the deterministic demand. The optimal revenue of deterministic case is

concave in the inventory on hand.

4. The deterministic demand provides an upper bound of the stochastic problem, we
prove the periodical fixed price policy is asymptotically optimal as the demand and
the inventory go infinity. We also compare the performance of the optimal price

policy and the deterministic demand solution.

The rest of the paper is organized as follows. In Section 2, we review the existing
literature related to our paper. In Section 3, we present the problem and our model. We
then derive the optimal pricing policy and give the optimal solution through numerical
analysis in Section 4, we also analyze the effects of the coefficient in this part. Based on
a deterministic version of our model, we derive the optimal policy and provide optimal
closed form solution in Section 5, we also present the periodical fixed price policy and
test the optimal policy’s performance in this part. We provide a summary of my thesis

and talk about the future work in the last section.



Literature Review

Revenue management is a very active research area in operations management these days.
The study of revenue management begins in airlines industry which dates back to 1972.
Littelewood (1972) [15] studies a stochastic two-fare, single-leg problem. This paper
describes the early work on applying mathematical models to the development of rev-
enue management in the airline industry. After nearly 40 years’ progress, researchers and
practitioners have done enormous of works on different areas in revenue management,
such as the economics implications of revenue management; the pricing, capacity con-
trol, overbooking and forecasting problems of revenue management; how to implement
revenue management in different industries and how to evaluate the impact of revenue
management.

Gallego and van Ryzin (1994) [10] present a very important and fundamental paper
on the dynamic pricing problems of revenue management. They focus on the problem
how to operate a given stock of one product with stochastic demand by a deadline. They
show the optimal expected revenue is concave in the inventory number and left of time,
prove the deterministic case is the up-bound of the stochastic one. Base on this result they
give a fixed-price heuristic which is asymptotically optimal when the volume of expected
sales is large. They also extend their results to compound poisson demand, etc. After that,
Gallego and van Ryzin (1997) [11] analysis a multiproduct dynamic pricing problem and

its applications to the network yield management. In this paper, they first formulate a m



CHAPTER 2. LITERATURE REVIEW 5

kinds of resources and n kinds of products stochastic model. Because the difficulty of
model, instead of giving any theoretic properties about the stochastic models, they show
the deterministic case is the up-bound for stochastic case, and give two heuristics base on
this property. The result of the numerical examples provide some fundamental insights
into the performance of revenue management system.

Bitran and Caldentey (2003) [3] present a comprehensive overview of the pricing
models for revenue management. They discuss the research works already done in both
single product problem and multiproduct problem in this paper. They also provide a
unified structure for the pricing problem in revenue management. As they mention, except
the work by Gallego and van Ryzin (1997) [11], most of papers which analysis stochastic
multiproduct problems focus on the static price model.

Maglaras and Meissner (2006) [16] study a single resource but multiproduct stochas-
tic problem. Not as other papers in stochastic multiproduct problems, they introduce a
dynamic pricing model and which could give a unified analysis of both pricing and ca-
pacity control problem. In this unified model, they show the optimal expected revenue is
concave in both the inventory level and the left periods of time. For the deterministic case,
they use fluid model to get the optimal condition and asymptotically optimal heuristics.
The difference between our paper and theirs are our paper consider a multiple days rental
problem, the return process makes our paper become a multiple-resources problem.

The book by Talluri and van Ryzin (2005) [20] gives an comprehensive review of rev-
enue management to the people who want to learn more about this research area. Another
reviews papers include Elmaghraby and Keskinocak (2003) [8] and Chiang, Chen and Xu
(2007)[6].

A specifical stream of research work which related to ours focus on the rental busi-
ness. Carroll and Grimes (1995) [5] and Geraghty and Johnson (1997) [13] tell us how
the revenue management change the car rental industries from empirical points of view.

Anderson and Blair (2004) [1] introduce the opportunity costs to measure the revenue
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management performance in a car rental companies.

Utilizing the panel data collected at 6137 video rental stores in the US between 1998
and 2000, Mortimer (2004) [17] analyzes the effects of vertical contracts in video rental
industry. She compares the different pricing contracts, pricing contracts and revenue-
sharing contracts, etc., across different stores for the same title as well as across different
titles within the same store. Her analysis shows that the revenue sharing scheme increases
profits for both upstream and downstream firms and consumer surplus.

Bayiz and Tang (2004) [2] develop an integrated planning system for a dosimetry
service company, which is the first to integrate various operations-research techniques
for managing refurbished products with both uncertain demand and return, and supplier
constraints.

Gans and Savin (2007) [12] analyze a pricing and capacity rationing rental problem
with uncertain durations. They use a transformation to simplify the initial high dimen-
sions model to a queueing model. In this queueing model, the arrival rate and rental
process are not affected by rental price. They show the optimal expect revenue is concave
in the number of items on hand in this paper. They also show the myopic policy is asymp-
totically optima as both the offered load and system capacity become large in which. The
differences between their paper and ours first is we choose our model is intensity control
model, second is our model include price as a decision variable.

Tang and Deo (2008) [21] consider a rental problem with price and duration. They
use the multi-period pricing newsvendor model to analysis this problem. They prove
the optimal expected revenue is concave in 7 when the market potential is high. They
also prove the optimal rental price is increasing and concave in the rental duration when
the return process is smooth. After analyzing the original model, they study the revenue
sharing and retailer competition cases in rental business. Not as their paper usees only
one price cover the whole time horizon, my theses usees dynamic pricing to analysis the

rental problem.
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Ding, Lim and Yang (2008) [7] is a recently paper working on the multiple-capacity
dynamic pricing problem of revenue management. They study a multiple-days stay prob-
lem in hotel business, and which belongs to the multiple-resources and multiple-components
problems. They show the expected net benefit of receiving a reservation is concave in the
rental rates given the inventory level and the single-day approximation is asymptotical op-
timal when the left rooms are ample. They also give the heuristics based on optimal policy
and single-day approximation respectively. The difference of my thesis is we study a two

stages problem, and the second stage is a multiple-resources single-component problem.



Model

After we review the related work of my thesis, we present the notations we use:

M:  The Poisson demand rate in k day and time period ¢
Pr:  The rental price in k day and time period ¢
r(-)  The revenue rate function

IT;;  The optimal expect revenue from period ¢ of k day

A, The marginal optimal expected revenue in inventory level

A The marginal optimal expected revenue in time period

Ay, The marginal optimal expected revenue in rental information
Ay The marginal optimal expected revenue in different day

H’,?t The optimal expect revenue from period ¢ of k day in deterministic case

The meaning of these notations will be well explained when we use them.

3.1 Model Description

After we introduce the notation, we begin describe our model: We consider a videos rental
company which operates N items of video over a period of K days, and each day we can
divided to T time periods. The rental duration of the videos is r days. To simplify the

problem, we assume the customers follow Poisson Arrival. Because the demand is price
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sensitive, we define the arrival rate is A(p). To simplify the problem, we have a basic

assumption about the rental items:

Assumption 1. The items rent out could just be returned after r days, and the items

returned can’t be rent out in the same day.

This assumption is reasonable, because when the rental duration is short, the customer
have non incentive to return the items before due day. Meanwhile, the company need some
time to operate the inventory, such as clean or make sure it’s not broken.

We also assume the revenue rate (1) = pA(p) = p(A)A. Moreover, r(A) is a regular
function, from the common definition in revenue management, r(A ) satisfies lim; _,, =0,
is a continuous, bounded and concave, and has a bounded least maximizer defined by
A* = min{A : r(A) = max,>or(A)}. Then we can build up our formulation based on

these assumptions.

3.2 Formulation

To cover these specialities of the problem, we use two stages discrete time dynamic pric-
ing model. In the first stage, we operate the inventory, which means at the beginning of
each day, we add the item returned in last day to the inventory level. In the second stage,
we dynamic price and rent the video to arrive customer. We divide one day to 7 periods,
and the length of each period is 6z. When 0t is small, from the definition of Poisson
arrival, at most one customer could come and rent a item.

In the second stage of the problem, we formulate the problem in one day as follows: In
day k, time period ¢, the firm has a stock and rental information (n,,ny,...,n,;1), which
satisfies Zfill n;i+n = N. The company has ¢ time periods to rental these n items out, or
to leave it for next day. in this stage, the firm control the intensity of Poisson demand
Mt = A(pr) by using a non-anticipating pricing policy py, at time period . We explain

the meaning of rental information (n,ny,...,n,,n,;1). n; means the items will be returned
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to the system i —th day later and n means the inventory we can rent out in this 7 time
periods. We already assume the intensity A(-) is a regular demand function. Use ITj,
presents the optimal expected revenue get from period ¢ of day k. Base our setting, we
use back-forward dynamic programming to formulate our model:

When k = K + 1, because the rental business is already close, so
H[(_,_171 (n,nl,nz . ,nr,nrH) =0

When t = T + 1, the second stage is end, we go into the first stage and operate the inven-

tory. We add the return items of last day to the inventory on hand at the time period.

M ro1(nny,. . npne) =My (n+ny,n, .. n10,0)

We can get the expression of our model by considering what happens over a small interval
of time Or. Since by selecting the intensity A (i.e., pricing at p(4)) we rent out one
item over the next 0t with probability A8t and no items rent out with the probability

approximately 1 — A 8¢, by the Principle of Optimality. For the last period of last day

Ok r(n,n,...onpne1) = sup[Adt(p(A) + kg ry1(n—1,n1,... np, 01 + 1))
A
+(1—=A6t)g ry1(n,n1,...,0p,0011) +0(01)]

= sup[Adt(p(A))+o(8t)].
A
From the last period, dynamically we have

g ,(n,ny,...,00n0041) = sup[Adt(p(A) +Tgp1(n—1,n1,..., 00,041+ 1))
A

+(1 =A0t) g 11 (n,ny,...,npn041) +0(61)]
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Following the same methodology, at any day any period, we have

i, (n,n1,...,n0n041) = sup[ASt(p(A) +11 i (n—1,n1,... 0,001+ 1))
A

+(1=A6t)Ig 11 (n,m1, ... 0, mp 1) 4+ 0(81)] (3.1)

where k =1,2,...,Kandr=1,2,...,T.
The firm’s problem is to find a pricing policy that maximizes the total expected rev-

enue generated from the whole operating time:
II(N) =11, 1 (N,0,...,0,0) (3.2)

IT; 1(N,0,...,0,0) means at the first day, first period of the business, all the inventory is
on hand.

We derive the optimal solution in the later part of my thesis.



Optimal Policy of the Problem

4.1 Optimal Price policy

We define Alnk,t(nanla"'anhnr—i—l) iI—[k,t—}—l(’/lanla"'7”)’7”)’4—1)_r[k,t(n?nl?"'7”)’7””4—1)
and A Ty s (n,n1, ... ,np np1) =g g(nyny, . np ) =g (n—1,n1,... 0y, np41). By
using r(A) = Ap(A) and rearranging (1), for all k = 1,2,...,K and r = 1,2,...,T, we

obtain

i, (n,n1,...,npn41) = sup[r(A)0t + A0t 1 (n—1,n1,...,np, 0 +1)
A

+(1 = A6tk 11 (nyny,. .. 0y ney)] Vo>1.0 (4.1)

The existence of a unique optimal solution to equation (3) is resolved by the following

proposition, which is proved in the appendix:

Proposition 1. If A(p) is a regular demand function, then there exists a unique solution
to equation (2), further, the optimal intensities satisfies A, (n,ny,...,n;,n.11) < A* for

allnandk forall 1 <t <T.

Because the difficulties of getting the closed form solution, and proposition 1 guaran-
tees the existence of a unique optimal solution, we can use numerical method to get the

optimal solution.

12
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4.2 Optimal numerical solution

Based on the dynamic formulation of this rental problem, we can get the optimal policy
through numerical method dynamically.

We first analyze the effects of the potential market size and the price sensitive index
through numerical analysis. We choose the scenario in which rental duration r = 2 days,
analysis periods K = 10 days and the initial inventory is 20 items. The numerical result
shows in the two pictures in figure 1: The two pictures in figure 1 try to analysis the effects
through the optimal expected revenue and the optimal rental price.

The left picture of figure 1 describe the change of optimal expected revenue when
we change the potential market size and price sensitive index. In this picture, the rental
duration r, analysis periods K, and the initial inventory level X keep unchange, so all the
differences of the optimal expected revenue come from the change of the potential market
size and price sensitive index. When we look the picture along the axis of price sensitive
index, we will see the curve of the optimal expected revenue going down. This means
when the potential market size is fixed, as the price sensitive index increase, the optimal
expected revenue will decrease. When we look the picture along the axis of potential
market size, we will see the curve of the optimal expected revenue going up. This means
when the price sensitive index is fixed, as the potential market size increase, the optimal
expected revenue will increase. When we combine these two results, we get that the
bigger potential market size and smaller price sensitive index will provide greater optimal
expected revenue.

The right picture of figure 1 describe the change of the optimal rental price when
we change the potential market size and price sensitive index. In this picture, the rental
duration r, analysis periods K, and the initial inventory level X keep unchange, so all the
differences of the inventory utilization rate come from the change of the potential market
size and price sensitive index. When we look the picture along the axis of price sensitive

index, we will see the curve of the optimal rental price going up. This means when the
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potential market size is fixed, as the price sensitive index increase, the optimal rental price
will increase. When we look the picture along the axis of potential market size, we will
see the curve of the optimal rental price going down. This means when the price sensitive
index is fixed, as the potential market size increase, the inventory optimal rental price will
decrease. When we combine these two results, we get that the smaller potential market

size and bigger price sensitive index will provide greater optimal rental price.

= = = =
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Figure 4.1: The Optimal Expected Revenue and Optimal Rental Price with different po-
tential market size and price sensitive index

After analysis the effect of potential of market size and price sensitive index, we come
to study the effect of initial inventory level. The study base on the scenario in which the
potential market a = 20 items, price sensitive index b = 10 items/dollar, rental duration
r = 3 days and the analysis period is K = 10 days. Figure 2 the change of the optimal ex-
pected revenue and initial optimal rental price when we change the initial inventory level.
The left picture of Figure 2 shows the optimal expected revenue increase as the inventory
level and when the inventory hit a bound, the optimal revenue maximized. The picture
also prompt the optimal expected revenue is concave in inventory level, this proposition
we still haven’t prove it, we will mention it in the later remarks. The right picture of Fig-

ure 2 shows the initial optimal rental price decrease as the inventory increase and when

175
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the inventory hit a bound, the initial rental price minimized. The picture also prompt the
initial optimal rental price is convex in inventory level. This property is relate to the opti-
mal expected revenue is concave in the inventory level. Not only the initial optimal price

have this property, all the optimal rental price following it.
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Figure 4.2: The Optimal Expected Revenue and Optimal Rental Price with different initial
inventory

Based on the observation of figure 2, we give the following remark about the structure

property of the optimal expected revenue about the inventory level:

Remark 1. The optimal expected revenue Iy ;(n,ny, ... ,ny,n.11) is strictly increasing in
n, and the marginal optimal expected revenue A, X ,(n+1,ny,...,n.,n,41), is decreasing
innandt:

Annk,t(n +1,n,... ,n,,nrH) < Annk,l(’/l?nl? cee 7nr7nr+l)
And the optimal expected revenue I1(N) =II(N,0,0,...,0) is concave in N.

This is a very important policy, because we can get the optimal inventory level through
these property. The return process makes the proof of this property much more difficult
than the proof of the concavity of the optimal expected revenue without return.

After analysis the properties of inventory in Rental Problem, we continue our work in
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the effect of time period and rental duration.

4.3 The time properties of the optimal expected revenue

To analyze the effects of analysis periods and rental duration, we use numerical simula-
tion. We focus on the scenario in which the potential market size is 20 items, the price
sensitive index is 10 items/dollar and the purchase cost for per is 3 dollar/item: the aver-
age rental price and average served customer based on the 1000 times simulation. When
r = 1, this problem become the normally revenue management problem. Everyday the
retailer face a single day dynamic pricing problem. This problem is solved by Gallego
and van Ryzin (1994).

We use four targets to judge the performance of optimal policy under different com-
bination of K and r. We choose analysis periods K = 3,6,9,12,15,18 days and rental
duration r = 1,2,3 days, the potential market size a = 20 items and the price sensitive
index is b = 10 items/dollar.

When rental duration » = 3, analysis periods K = 15 and K = 18, because the compu-
tation complexity, the numerical result beyond the ability of Matlab. We don’t have the
numerical results for these two case. If the analysis periods is K = 3, because the revenue
of the rental business is smaller than the purchase cost, so there is no numerical results
for these case.

The table ’Optimal Expected Revenue and Average Rental Price with different K and
r’ describe the influence of the analysis period K and the rental duration r to the optimal
expected revenue and average rental price. We first analysis the change of optimal ex-
pected revenue IT* in this table. The first phenomenon we find is under the same rental
duration, the bigger analysis periods with big optimal expected revenue, but the increase
number is fluctuated. Under the same analysis period, the short rental duration has high

optimal expected revenue. This is easy to understand, because short rental duration means



CHAPTER 4. OPTIMAL POLICY OF THE PROBLEM 17

a quick cycling of the inventory. The gap of the optimal expected revenue between two
rental duration change fluctuated as the analysis periods increase. Another phenomenon
of the optimal expected revenue is: when the analysis period K become divided by r,
the increase of the optimal expected revenue is bigger. Then we focus the average rental
price. With different combination of analysis periods K and rental duration r: the first
phenomenon we find is long rental duration with higher average rental price under the
same analysis periods. The gap of the average rental price between two rental duration
under the same analysis periods decrease as the analysis periods increase. Another phe-
nomenon is the average rental price is decrease as the analysis periods increase with the
same rental duration. The gap of the average rental price between two analysis period

with the same rental duration changes fluctuated as the analysis periods increase.

Optimal Expected Revenue and Average Rental Price with different K and r

Optimal Expected Revenue Average Rental Price

r=1 r=2 r=3 r=1 r=2 r=3
K=3 Im*=20.07 | IT*=6.41 =0 p*=1.524 | p*=1.871 pF=0
K=6 Im*=52.79 | II*=38.40 | I[1"=20.29 | p*=1.275 | p*=1.562 | p* =1.803
K=9 IT*=83.05 | IT"=72.85 | [I* =60.06 | p*=1.203 | p*=1.285 | p* =1.544
K=12 | IT" =114.48 | [T* =107.63 | IT* =97.06 | p* =1.140 | p*=1.263 | p* =1.395
K=15 | IT" =146.26 | [T* =137.84 =0 p*=1.089 | p* =1.225 pF=0
K=18 | I[T*=175.51 | IT* = 168.82 =0 p*=1.090 | p* =1.189 pF=0

The table *Optimal Inventory Level and Average Served Customer with different K

and r’ describe the influence of the analysis period K and the rental duration r to the
optimal inventory level and average number of the served customer. The first objective we
care of this table is the optimal inventory level N*. When the potential market size, price
sensitive index and the purchase cost is fixed, normally the bigger rental duration need
high inventory level and as the analysis periods increase. This result breaks when both r
and k are small. As the analysis periods increase, the gap of the optimal inventory level N*

under the same rental duration decrease. Under the same rental duration, the gap between
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the rental duration r = 1, r = 2 and r = 3 change increase. Then we study the change of

18

number of served customer N, with different combination of K and r. Under the same

rental duration, the number of served customer increase as the analysis periods increase,

but the increase of this number is fluctuated. The gap of the number of served customers

between two rental duration under same analysis periods decrease as the analysis periods

increase. Another phenomenon of the number of served customer is: when the analysis

period K become divided by r, the increase of the number of served customer is bigger.

Optimal Inventory Level and Average Served Customer with different K and r

Optimal Inventory Level Average No. of Served Customer

r=1 r=2 r=3 r=1 r=2 r=3
K=3 N =6 | N°=3 | N =0 | N.=1393 | N, =3.880 N.=0
K=6 N*=9 |[N*=10| N*=7 | N.=4196 | N.=2553 | N.=11.77
K=9 |N‘*=10 | N*=14 | N*=15| N.=68.74 | N, =53.54 | N. =39.88
K=12 | N*=11 |[N*=17 | N*=20| N, =98.47 | N.=8503 | N, =70.39
K=15 | N*=12 |[N*"=18 | N*=0 | N.=130.58 | N. =111.47 N.=0
K=18 | N*=12 | N*=19 | N*=0 | N.=157.29 | N, = 139.44 N.=0

Through these two table, we find that because the existence of rental duration, tl

he

second order time properties of this rental problem break. After finishing the numerical

analysis of the time properties, we will study a special case of rental problem, the case

with deterministic demand.



Deterministic Case

When the demand is deterministic, the rental problem get simplified. Before we dealing
with this deterministic demand problem. We introduce some notations. First We denote

the all non-anticipating pricing policies by % which satisfy

T
Z de’, S n

=1

Given a price policy uy in period k, a rental information (n,ny,...,n,,n.y1), we denote

the expected revenue HZ{‘I (n,ny,...,nqn.41) by

Uy
Hk7t(n7n17 s 7nr7nr+1)

r

T T T
= ]Euk Zpk,stk,s+Hk+l,l(n+nr_ZdeaN_Zni+Zde,s_nvnla---anr—1>
= —t -

s=t =1 s=t

where
-
U _
Hk’t<07nlan27"'7nr) - Hk+1,1(nr7N_ an’7n17"'7nr71)7
i=1
-
Uy _
Hk’TH(n,nl,...,nr,nH_l) =T 1,1(n+n,,N— Zni —n,ny,...,Np_1)
i=1
and
Up _
HK_|.171(n7n17"'7nr7nr+l) =0
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are the boundary conditions.
The firm’s problem is to find a pricing policy u; that maximizes the total expected rev-

enue generated for period k, time interval ¢, denote Iy ;(n,n1,...,n,,n,41). Equivalently,

TI(N) = Iy 1 (N,0,0,...,0)

5.1 Single day deterministic case

Before analysis the multi-periods deterministic demand problem, we watch a special case:
When K = 1, the problem reduce to the single day deterministic problem. When the
problem is a single day problem, we don’t need to consider the return process. This is a
normal single day deterministic revenue management problem, which is well studied by

Gallego and van Ryzin:

T
Hg,l(n?nl?"wnranr-i-]) - ril(aiizr(l(l))8t
Vot

subject to

T
maer(?L(i))St < n
A(D) 7

The optimal policy for this case is fixed price policy, which means the rental price is
either the run-out price or the optimal price. When the analysis periods K is greater than

1, we must include the return process to this deterministic problem.

5.2 Formulation of Deterministic Problem

Consider the following deterministic version of the problem: At the beginning of pe-
riod k, the firm has a stock of x, the instantaneous deterministic demand rate is a func-
tion of the price at time interval 7, and A is a regular demand function. Given a stock

(n,ny,...,n.,n.1)onhand at the time interval ¢ in period k, we denoted Hth (nyny,...,ny,
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n,+1) as the maximized expected revenue of this deterministic problem:

Hﬁt(n,nl, e g Ry ) = m/{,tx[lﬁt(p(/l)) +H€,+1(n—l5t,n1, ey ey Ry + A0))]
(5.1)
with boundary condition Hgt(O,nl,...,n,,nrH) = HEH ((n1,n2,...,n,41,0) and ﬂ,?TH(n,
nl,...,nr,n,H) :HkDH’l(n—i—n],nz,n],...,n,+1,0).

A very useful observation for multi-periods deterministic rental problem is:

Lemma 1. When the demand is deterministic, the fixed price policy is optimal in each
period, which means in each period, using a single price is better than using dynamic

price.

Because of Lemma 1, we can simplify the problem.

HkD,1<n7nlv-'~7nr;0) = HkD(n,nl,...7nr)

5.3 Optimal Solution of the Deterministic Problem

Following the definition of Gallego and van Ryzin in single day problem, we define the
run-out rate, denoted A, by AY = N/(rT8t), the run-out price, denoted p°, by p" =
p(A0), the run-out-revenue rate r° = pPA°. Recall that A* is the least maximizer of the
revenue function r(A) = Ap(A). We define p* = p(A*), and r* = p*A*. Extend the
fixed price policy in single period deterministic problem, we have the similar properties

of multi-periods deterministic problem:

Proposition 2. When K is divided evenly by r, the optimal solution to the deterministic

problem (2) is AP = min(A1*,AY), for all the t and k. In terms of price the optimal policy
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is pP = max(p*, p°), for all t and k. Finally, the optimal revenue is
JP1(N) = KT 8tmin(r*, 1) (5.2)

When K isn’t divided evenly by r, which means K = nr+ [, we divide the the days
in one period to two classes, the first class includes the first [-th days in one period. the
second class includes the left days. Because the first class can be rent out one more time,
so the we prefer rent the items in that days. The optimal policy is the marginal revenue of
Sirst class times its rent out times = the marginal revenue of second class times its rent out

times. Which means (n+ 1)Ary(x) = nAry(X'). The optimal revenue is
H?J(N):(n—l—l)*l*rl(x)+n>x<(r—l)*rz(x’) (5.3)

x and X' satisfy Ix+ (r—1)x’ = N.
For all period k, the optimal expected revenue of deterministic case HE (n,ny,...,n.)

s concave in n.

Proposition 2 give the optimal solution of deterministic demand problem. This solu-
tion provides a basic insight to the relationship between deterministic demand problem

and stochastic problem.

5.4 Deterministic Revenue as an Upper Bound of Stochas-
tic Case

Intuitively, one would expect that the uncertainty arrival in the stochastic problem results

in lower expected revenues. Which means the following proposition:

Proposition 3. If A(p) is a regular demand function, then for all0 <n <N —Y!_, n; and
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1<t <T,

D
Hk,l(”?”] g 7nr7nr+l) < Hk’z(n7n1 yoe 7nr7nr+1) (5.4)

Proposition 3 is important because it suggests that the deterministic solution maybe
provide insight to the optimal or near-optimal policies to the stochastic problem, mean-
while it can guarantee the performance of these stochastic policies. In the same time, it
can be used to establish the asymptotically optimal heuristics based on the deterministic

price policy.

5.5 Asymptotically Optimal Solution

From the definition of time period, and the operation time of a day is I', the length of
each time period is 6t = I'/T, first T is large, in this heuristic, we try to analyze what
will happen when T become smaller. When T = 1, the problem become to fixed price
problem. When T goes infinity, the discrete time model become continuous time model.
We first introduce a price policy which we call it periodical fixed price policy: in each
period, we use a fixed price which get from the deterministic problem, in the same time,
we control the inventory by following way, we keep the initial inventory of each period
always same to the deterministic case, to get this, we will allow the lost sale items and

will keep some inventory no using until r days later.

Proposition 4. The expected revenue of periodical fixed price policy satisfies:

HT}I(N,O,...,O,O) >H11371”IP(N’07'”,0’0) - 1
H171(N707"'7070) - HI,I(N707"'7070) o 2\/m1n{N/r,7L*(T—t—|—1)5t}

or
77 (N, 0,...,0,0) 1

>1-—
H]J(N,O,...,0,0) - 2\/mln{xl,l*(T5t)}

where x satisfies [x+ (r —1)x' = N and (n+ 1)Ar;(x) = nAr, (X).

Because optimal policy is better than the periodical price policy. So when the the
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inventory is high and the number of rent out items is big, The performance of the optimal
policy should be close to the deterministic demand problem.

We test the gap between the optimal policy and the deterministic policy under the
scenario in which the price sensitive index is 10 items/dollar, the analysis period is 12
periods, the purchase cost of each item is 3 dollar. We compare the performance under
different potential market size.

The following two tables include the simulation performance of the optimal stochas-
tic policy and the deterministic demand case. We will compare the performance of the
optimal stochastic policy with the deterministic demand problem. The table ’Optimal In-
ventory Level and Expected Revenue with different K and »’ focus on the optimal inven-
tory level and optimal expected revenue. The numerical result support the deterministic
demand problem is the upper bound of the stochastic problem, as the potential market
size increase, the optimal expected revenue of optimal policy gets closer to the determin-
istic upper bound. From the table, we find the revenue of the optimal stochastic policy
can get nearly 98% of the deterministic demand revenue. The inventory level of the opti-
mal stochastic policy is higher than the deterministic demand, because the need of filling

uncertain demand.
Optimal Inventory Level and Expected Revenue with different K and r

Optimal Inventory Level Optimal Expected Revenue

Optimal | Deterministic | Error Optimal Deterministic | Error
a=20| N* =17 Np =16 6.25% | IT* =107.63 | IIp =115.20 | 6.57%
a=22| N*=19 Np =18 5.55% | IT* =132.41 | IIp = 140.40 | 5.69%
a=24| N*=21 Np =20 5.00% | IT* = 159.70 | I1Ip = 168.00 | 4.94%
a=26| N*=23 Np =22 4.54% | IT* = 189.53 | IIp = 198.00 | 4.28%
a=28 || N* =26 Np =24 8.33% | IT* =224.91 | IIp =230.40 | 2.38%
a=30| N*=28 Np =26 7.69% | IT* =259.88 | IIp =265.20 | 2.01%

The table *Average Served Customer and Rental Price with different K and r” focus

on the performance of the average number of the served customer and the average rental
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price. The optimal rental price closes to the deterministic rental price, as the potential

market size increase. Meanwhile, the number of served customer close to the determinis-

tic one.

Average Served Customer and Rental Price with different K and r

Average No. of Served Customers Average Rental Price

Optimal Deterministic | Error Optimal | Deterministic | Error
a=201 N,=84.98 N, =96 11.48% | p* =1.263 | pp=120 |525%
a=22| N.=96.28 N. =108 10.85% | p* =1.365 | pp=1.30 | 5.00%
a=24 | N.=107.65 N. =120 10.29% | p*=1.467 | pp=1.40 |4.78%
a=26|N.=119.12| N,=132 9.76% | p*=1569 | pp=150 |4.60%
a=28 | N.=13536| N.=144 6.00% | p*=1.630| pp=1.60 | 1.88%
a=30 || N, =146.99 N. =156 578% | p*=1.726 | pp=170 | 1.53%

Totally speak, the optimal rental policy performance asymptotically close the deter-

ministic demand solution.




Conclusion

I conclude my thesis in this part:

Nowadays, rental business has hundreds of billions market. The lack of the theoretic re-
search work on this area is the original motivation of my thesis. The existence of rental
duration make the rental problem a multiple states problem. From reviewing the related
literature, we know that multi states problems are very difficult problems in revenue man-
agement. The difficulty of the multi states problem is the interaction among the multi
states. Rental Problem has common difficulty of the multi states problem. What’s more it
has the effects of the return process.

According to the characters of rental problem, we use two stages discrete time model
to operate items return and price dynamically. We set up this rental problem as following
two parts problem: a dynamic pricing problem in stage 2 and an inventory control problem
in stage 1.

We shows the existence and uniqueness of the optimal pricing policy in rental prob-
lem in Proposition 1. The properties of rental problem in Proposition 1 guarantees the
correctness of the numerical methods. We first use numerical method to analyze the ef-
fects of the potential market size and the price sensitive index. The numerical results show
that, the bigger potential market size and smaller price sensitive index derive the greater
optimal expected revenue, when all others coefficients are fixed. The numerical analysis

also suggest the smaller potential market size and bigger price sensitive index result high

26
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inventory utilization rate. We then use numerical method to analyze the effect of inven-
tory level. The numerical results suggest the optimal expected revenue is concave in the
inventory level. We mention it in Remark 1. We also study the time properties of rental
problem through numerical method, the numerical result show that the existence of rental
duration breaks the time properties of the rental problem.

We solve the deterministic demand problem in Proposition 2. Proposition 2 provides
the optimal solutions to both two case of deterministic demand problem: analysis periods
K is divided evenly by rental duration r and analysis periods K isn’t divided evenly by
rental duration r. We also prove the revenue of deterministic demand is concave in the
inventory level in Proposition 2. The optimal solution derived by Proposition 2 is the
foundation of the periodical fixed price policy.

The deterministic demand problem provide a upper to the stochastic problem. Propo-
sition 3 is very important to prove the asymptotical optimal of the PFP policy. In Proposi-
tion 4, we prove the PFP policy is asymptotical optimal as the demand and the inventory
go infinity. The numerical simulation shows the PFP policy performance steady and close
to the optimal policy.

Remark 1 is the first limitation of my thesis. We find the optimal expected revenue is
concave in the inventory level through numerical method, but we just prove these concav-
ity in the condition when rent out items can’t return to the system. This return effect is the
difficulty of the rental problem. If we can find another effect in rental problem dominate
the return effect, the concavity holds.

The second limitation of my thesis is the computation complexity of our model is
high. Its computation complexity exponential increase as the inventory increase and as
the rental duration increase. But fortunately, we have the following heuristics to overcome
this computation complexity. The first heuristics is the periodical fixed price policy. The
second is the dynamical fixed priced policy, every day we use deterministic demand to

decide the rental price.
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The third limitation of our optimal stochastic price policy is that we multiple times
changes the price in one day depend on the inventory and the left on hand inventory. In
practice, the retailer will not trails the inventory level and change the rental price all the
time. Like the taxi fee in Singapore has the peak time charge and free time charge, an
more practical rental policy should consider both the cost of change price and benefit of
it.

We have two directions of the future works. The first one is consider a company rent
multi products to the customers, because in video rental business, no retailer will rent just
one kind of videos to the customers.Even This multiple rental problem has both practical
and theoretical value, the challenge of it is obviously. Another potential research problem
is considering the supply contracts analysis of rental business. This is also an interesting

problem to the suppliers of the rental retailers.
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Appendix .A Proof of Proposition and Lemma

A very useful observation by Scarf (1958) [19] that the expected value of quadratic func-

tion is invariant. Thus if G(x) = o + Bx+ yx?, then
EG(v) = [ GU)F(x) = a+ B+ y(u? + o)
From this we could get the Proposition 1 in Gallego (1992) [9],

/max(x—R,O)dF(x) = %(\/ 02+A2—A)

where A = R — . Which is straight forward to go to the equation (18) of Gallego and van

Ryzin (1994) [10],
i+ (n—pu)P—n—p

E[(N—n)"] < .

where N is a random variable with finite mean u and a standard deviation o, and n is a

real number.

Proof of Proposition 1.

We first show that the supremum in equation (2)can be replaced by max;, (o 1+). To do
s0, let A; be an arbitrary intensity satisfying A; > A*. By the concavity of (A ) and the def-
inition of of A*,we have r(1%) > r(A;),and since J;  (n,n1,...,ny,ny41) is nondecreasing

in n, we have

r(AY) = A [ Jis(nyny, . oonpne) =i (n—1,ny,no, .o ney)] >

I"(}Li) _A’i[‘]k.,l(’%nl?'"7nr7nr+l) _Jk,l(n_ 17 ni, n27~'~7nr—1)]

From equation (1), we know the optimal choice of A is always within the set [0,A%], a
compact set. Combining compactness with the fact that r(4) is continuous and bounded

establishes the conditions required by Bremaud Theorem II.3 for the existence of a unique
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solution to equation (1). 0

Lemma 1. We use contradiction to prove lemma 1, if fixed price isn’t optimal inside one
period, which means at least two time interval has different prices, if we increase one
price a very small price, decrease another price the same price, the total rental out items
are the same, but because the revenue rate function is concave, so we get a better price
policy, which contradict to the assumption, so the fixed price policy is the optimal policy

inside one period. U

Proof of Proposition 2. 1f K is divided by r evenly, when the single price policy is not
optimal, at least two period price is different, if we increase one price a very small price,
decrease another price the same price, the total rental out items are the same, but because
the revenue rate function is concave, so we get a better price policy, which contradict to
the assumption, so the single price policy is the optimal policy in these situation.

If K isn’t divided by r evenly, (n+ 1)Ar;(x) = nAr,(x') is not the optimal condition
of optimal policy, at least two period don’t satisfy these condition, we if we increase one
rental out item a very small number, decrease another rent out items the same number, the
total rental out items are the same, but because the revenue rate function is concave, so
we get a better price policy, which contradict to the assumption, so the optimal condition
is (n+1)Ary(x) = nAry (x').

The optimal revenue is easy to get following the way by Gallego and van Ryzin (1994).

When the rental information is (n,ny,...,n,), we assume the optimal rental number is
My, Mgi 1y - -, MK

If no return we need to consider, when we add one more unit to the inventory on hand,
(n+ 1,ny,...,n,), the optimal policy is rent this item at the day with largest marginal
profit, which means the optimal rental number is my, myy1,...,m;+1,....,mg. We use
contradiction to prove this point. If this is not true, there at least exist my, my1,...,m; —
L...omp+1,....mi+1,... ,mg is abetter policy. Which contradict that my,my,...,mg

is the optimal rental number when the rental information is (n,ny,...,n,) or my,myy1,...,m;—
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L...omp+2,...,my,...,mg, because my,my1,...,mj—1,...omp+2,....mj,...,mg <
M, My 15+, My .. omyp + 1,00 my, ... ;mg which contradict m; has the max marginal
profit. So when we add one more unit to the inventory on hand, (n+ 1,ny,...,n,), the

optimal policy is rent this item at the day with largest marginal revenue, which means the
optimal rental number is my,myq,...,m;+1,...,mg.

When we have another one more unit, which means the rental information is (n +
2,ny,...,n,), the optimal rental number is either my, my 1,...,m;+2,...,mg or my, my 1,
coomj+1,...,mi+1,...,mg. Because r(-) is a concave function and m; has the maxi-
mized marginal revenue. So the marginal revenue of this item is smaller than the former
one, which complete the proof of HkD (n,ny,...,n,) is concave in n.

When we consider the return process, given (n,ny,...,n,), the optimal rental num-
ber is my,mg1,...,mg. When we add one more unit to the on hand inventory (n+
1,ny,...,n,), the optimal policy is allocating this unit to the days with largest marginal

revenue. ]
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Proof of Proposition 3. From Proposition 1, we have A; < A*, which implies ¥'/_, < oo for
all # > 1. Recall % denotes the classes of policies which satisfy Zthl dNtK < n; therefore

by Bremaud (1980) [4], Theorem II,

Uk Uk

T
Y an¥

s=t

T
Z)LSK] <n
s=t

Because we consider a Poisson Process, so the price at time interval s is a function of

ps = ps¥(n— N;) only. By Bremaud (1980) [4], Theorem II, we can write,

H?t(n,nr) = E, Zp dNK]

Ey Z r(/ls“'()] (1)
_S:t

and

HK,l(nanr) = Sup HKt(n nr)
MK€?/

Now for u > 0, we define augment cost function

Uy —
HKJ(n,nl,nz,...,n,,[vL) = E,

T
) (r(A%) - Ms”’()]

s=t

+nu > I (n,ny), (2)

and the augmented deterministic cost function

T
Hg,z(’/l?nl,n%”-anrau maxz ( ))‘f’”li (3)

s=t

The left of this proof can be divided to two part. First we want to prove

U D
HK7t(n7n17n27"'7nr7.u) S HKJ(I’L,nl,nz,...,n,,,u)
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From the maximizing of point-wise:

T

) (r(A5%) — pAx)

s=t

T
= ) Buy (r(A%) — A5 +np
s=t

H?{ﬁ;(”y”ly”%---a”mﬂ) = ]EMK +nu

T
Y max{r(A*) — pA{*} +np

<
s=t lsk
T
= max ) (r(A4%) — uAS) +np
2's s=t
= HlIg,r(”;”lan%'”?nrau) (4)

Because for all ug € %/ and all u > 0 we have the same property, so we have

HK,l(n7nr) < &I;%Hgﬁt(nanlanZJ s 7”)’7”)

Because HQJ(n7 ni,ny,...,ny, [) is the optimal dual value of the following program:
T
H?,t(”a”r) = maXZ r(Ag%) &)
’ Als) —¢
T
subject to Z AdK <mn (6)
s=t

From Karush-Kuhn-Tucker optimal (KKT) conditions, we have

H27t(n,l’l7) = &I;f(‘)HID(,t(’%nl)nZ) R 7nr7u) = Hg,t(nanlanZa te 7”1‘3“*)
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Proof of Proposition 4.

1. If K is divided evenly by r, under periodical fixed price policy, the problem can be

consider as an K times fixed priced problem: while the price is fixed at p is

PEX) () — (Xa(p) —N/r)7] (7)

From Gallego (1992) shows that for any random variable X with finite mean y and

finite standard deviation o, and for any real number N /r,

]E[(X—N/r)+] < \/62+(N/r_.u>2_<N/r_.u)

; ®)

where xT = max(x,0). When the inventory is scarce, which means A*(T —1 +
1)8¢ > n, we use the run out price p°, using inequality (15) in equation (14), and

when price is p°, 4 = n = 62, we obtain

1

1
2N 2N

In the case when the inventory is sufficient, we price at p*, we obtain

Hlfﬁpznpo(l— ) =K*r(T8t)(1—

)

PFP
IT;

K p* (A" (T51)
_m*-(m>+<n—x*-<T6z>>2—<n—7n*-<T6r>>>

v

2

v

* A ok 1
KxpA U&)(pm)

= K=xr*-(Tét) (1—;>
2\/A*- (T ot)
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Because IT?| = K + (T'8¢) min(r°, r*) and IT?, > I1; 1, we have

YEP(N,0,...,0,0) 1
5 > 1_
HI,I(N707~"7070) - 2\/m1n{N/r,l*(T5t)}

. When K isn’t divided evenly by r, under periodical fixed price policy, the problem
can be consider as an (n+ 1)I times fixed priced problem plus another n(r —1) times
fixed priced problem : this is an two fixed price problem, which include (n+ 1)I
periods use price p1 and n(r —[) periods use price p2, p2 > pl, and x > x’: use the

same method in part 1, we can get

PiP(N,0,...,0,0) 1
I > 1_
HI,I(N707"'7070) o 2\/m1n{x’,l*(T5t)}

where x’ satisfies [x+ (r —1)x' = N and (n+ 1)Ar(x) = nAry(X').

Because the expected revenue of the optimal stochastic policy is bigger than the

periodical fixed price policy. We proof the result of Proposition 4.
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Appendix .B Proof of Remark

Proof of Remark 1.

1. The monotonicity of the optimal expected revenue Iy ;(n,n1,...,n,,n,41) is straight-
forward to show. We start from the last period. Because Ik 1(n,n9,n1,
ny,...,ny) =0,s0 Ay Ik (n,ny,...,np,n,11) equaltoOforalln;, i=1,2,...,r. We
first prove A,k ((n,ny,...,n,,n.y1) is decreasing in n. For simplification, we just

use n to describe the last period state and the marginal expect revenue:

Adlg (n,ny, .. npnep) = Al (nyny, .o 0 npy )

=Tk (n,ny,...,npnp1) =g (n—1,n1,...,00,0041)
From the boundary condition Ik ;11 (n,n1,...,n,,n.41) =0, then we have A,ITg 41 (
n+1,ny,...,00,n041) — Ak i1 (0,01, ... np,ne11) <0, we use induction to prove
this proposition: assume A, Ilg ;1 (n+1,ny,...,0p0,0011) — AdIg i1 (ny0y,. . 1y,

n,+1) < 0. For period ¢, from equation (3) we have

AnHK,t(nvnlv' . ,nr,l’l,»_H)
= Tg,(n,ny,...,npne1) =g (n—1,n1,...,00,0041)
= r(?LI}‘_/,(n,n] bee ,n,,nr+1))5t—|—l§7t(n,n1,... Mp N1 )0tk s i (n—1,my, . e, npg )

+(1 - A’Iyéyt(nanla R 7nranr+1)5t)HK7t+l(n7nl7' .. 7nr7nr+l)
—[r(Ag (n—=1,n1,.. . np,n00))0t + Ag (n— 1y, .oy, g )8tk 1 (n—2)

+(1 - A’I>§71‘(’/L7’/L17 cee 7nranr+1)6t)HK7t+l(n - 17”17 s 7nr7nr+1)]
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Then we have

Ak (n+1,n1,...,00041) — Ak s (nyny, .o 0 1y 4)

= r(Ag,(n+1ny,...;npn010))0t + Ag (n+1,ny, .o ney 1) 0tk ey (R0, np g )
+(1—=Ag (n+ 1,01, np,n10)08) g sy (n+ 1ng, .m0y )
—["(11;;(”,711, oy My 1)) 0t A A (myn o np ey )8tk 1 (n—1ng, o np )
+(1—=Ag (nymy, .. e, npeg 1) 0) i i1 (myng, e, 1y )]
—[r().jé,t(n,nl, o My 1)) 0t A A (myn o np ey )8tk 1 (n—1ng, o np, )
+(1=Ag (n,n1, .o, npy 1) 00) Ui 1 (mymy, ey negy)] (PO)
+r(Ag(n—1n1,... np,np00))0t +Ag (n—1,m1, .. np, i) 0T 1 (n—2)

+(1 - /l;g,t(nanla' .- 7nr7nr+1)5t)nl(7t+l (l/l - 1:”17' .- 7nr7nr+1)]

From the definition of A*K,#(n,ny,...,n,,n..1), we get that

r(Ag (nony, .. 1))0t + Ag (n,ny, . np, npy )8tk 1 (n—1ng, oo np, npy )

+(1 - A’I;t(nunlu s 7nranr+1)6t)HK7t+l(n7nla' .- 7nranr+1)

> r(Ag (n+1,n,.. np,n01))0t + Ak (n+ 1ing, oo np,npy )8tk 1 (n—1ng, . np iy )
+(1_)“I;t(n-i_17”17"'7nl‘7nr+1)6t)HK,t+l(n7n17-"anrunrJrl)
and
r<2’1§,t(n7n17"'7nr7nr+1))3t+ll>§,t(n7n17'"anranr+l)3tnK,I+l(n_17”17---7nr7nr+1)
+(1—=Ag (n,ny, .o 1) 0) i 1 (o0, 0,y )
> r(Ag (n—1,n1,...,n,001))0t +Ag (n—1iny, ..oy 1)tk s (n— 1y, . np g )

+(1=Ag,(n—1,n1,...,np,n 1) 8k s 1 (n,01, 1y g 1)
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Substituting into (P0), we can obtain:

AnHKJ(n"‘ L,ny,... 7nranr+1) _AnHK,t(nvnlv- . ,l’lr,l’lr+1)

IN

r(Ag,(n+1,ny,. . onpney1))8t +Ag (n+ 1,01, .. np,n10)6tTg g (0, .y, )
+(1—=Ag (n+ 1,01, np,n10)08) g sy (n+ 1ng, .m0y )

—[r(Ag (n+1,n1,...;np0,41)) 0t

Ak (n41ny,. . nen )8tk p1(n— 1,00, .. np,n1)

+(1=Ag (n+ 1m0, np,n0) 6k sy (r00, 1,y y)]
—[r(Ag(n—1,n1,...,np,0,11)) 0t

+Ag(n— 1,0y, np,ney )0k 1 (n— 1,0y, np,npy )
+(1—/’L;Q’t(n—1,n1,...,nr,nr+1)5t)HK7t+1(n,n1,...,nr,nr+1)]
+r(Ag(n—1,n1,... np,n11))0t + Ag (n—1,ny, .o np, g )8tk 41 (n—2)
+(1 =g (n—1,n1,... np,n0)8) g g (n—1,ny, .o np,npy )]

= Ag (n+1ny,.. np,n00)0t Ak 41 (nyny, .1y )]

+(1—=Ag (n+ 1,01, np,n10)88)[Allg g (n+ 1m0, 0,1y )]

—Ag (n—=1,n,.. np,n00)0t Al p1(n— 1,00, .. np,np 1)

—(1=Ag, (n—1,n1,...,0p,0,41)08)[Allg s 1 (n, 01,1y 1y 1))
= —Ag,(n+1ng,. . nen)8t Ak 1 (n+ 1m0, npq)

Ak 1 (nyny, . ne )| + Ak i1 (n4+ 1m0, 0, np4)

+Ag (n—=1,ny, . e, ne )8t {Ag 1 (00, 0y g )

—A g p1(n—Lny,..oone,nep)] — Ak i1 (nny, .o 0p, 1pg)
= (1—Mé’,(n%—l,nl,...,nr,nr+1))[AnHK’t+1(n+l,nl,...,nr,nrH)
—Allg s 1(n,ny,. .. 0p 0 )]
+Ag (=101, e, ney 1) StA g 1 (00, 1y 1y )

_AnHK.,H-l (71 - 17”1 goe ,flr,l’l,«_H)]



43

By induction AnHK’t+1(n + 1,nq,... ,n,,nrﬂ) - AnHKJJrl(I’l,nl,. .. ,nr,nrH) <0
and Ay Ik v1(n,ny,. . 0 np1) —AXlg 1 (n— 1,01, . 0y npp 1) <0, and by def-
inition 0 <A*K,t(n+1,ny,...,n,,n,11)6t < 1. Sowe have A Ilx ,(n+1,ny,...,n,,

nt1) —Anllg s (n,ny, ... ,np,n41) <0, this complete the proof for last period.

. For the last second period, we just need to use the two variable n and n, to describe

the state, and because Ilg_; 741 (n,n,) =g 1 (n+n,),

AIlg 1 741(n,n.) = Tg_1741(n,n,)
—Ig_1741(n—1,n,)
= T (n+ny)
g (n+n—1)

= AHHKJ (n —+ n,)

and A, I1x_1 741(n—1,n,) = A Ik 1 (n+n,—1). From part 1, we know A, ITg_1 741 (
n,ny) < AyIIgx_1 741(n—1,n,). Following the same methodology in Part 1, we can

prove Ay Ilx_1,(n,n,) < AJIgx_1,(n—1,n,) forallt =1,2,... 1.

. Use the same method, we can prove A,Ilx_ . (n,ni,n,...,n.) < AJIx_pi(n —

l,ny,ny,...,n,) inday K —r. For day K — (r+ 1), we have

AnHK—(r—i—l),t(nanla e 7nr7nr+1)

= HK—(H-I),;(”’”]’--- ,nr,nr+1) _HK—(r—i-l),t(n_ 1,1’11,. .. ,nr,nr+1)
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For period T + 1, use the boundary condition

AnHKf(r+1),T+1(n’n1"'"7nr’nr+1)
= HKf(r+1),T+1(n7n17"'anranﬂrl)_HKf(erl),TJrl(n_lvnlv"'vnrvnrJrl)
= Hg_,1(n+n.,0,n9,n1,...,0,_1) —Ng_,1(n+n,—1,0,n9,n1,...,0,_1)

= AnI]K—r,l(n —I—l’lr,o,l’lo,l’ll,. . 7nr—l)

and we can get Ay Ilg_ (1) 1 (n+ 1,01, 1) <Ak (py1y 41 (myma, -
nrvnr+1)-

From equation (2), in period K — (r+ 1), we have

Og_(ri1) (01,1, g 1)

= sgp[?t&(p(l)+HK_(,+1)J+1(n—1,n1,...,nr,n,+1—l—l))
+(1=A8t) g _(py1) 1 (11,1, 1)

= (A1), (mn1, . ne ) 61
+l;7(r+l)7t(n,n|,...,nr,n,+1)5IHK_(r+1)7,+l(n—l,nl,...,nr,nr+1+1)

+(1- A;;—(H-l),t(”’”la cos ey ey 1)) gy gy g (10, Py 1)
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ATk (pqry o (msm15 e npy By )

Oy i1y (001, nppy) =gy (n—= 1,00, 0, mp10)

r( ;_(r+1)7l(n,n1,...,nr,n,+1))5t
+7L]§_(r+1),,(n,n1,---,nr,nr+1)5tHK_(r+1),;+1(l’l —Lny,..,np 0+ 1)
+(1— A]é@ﬂ),t(”a”la oy ey 1) O g (1) 1 (5100 Py g )
—[r().;;(rﬂ)’t(n— L,ny,...,npnp41))0t

—|—7L;;7(r+1)7t(n— Ling,.onp 1) 0t (o) 1 (n = 2,n0+ L,n1,n2, .. 1y

+(1-— l;;f(rﬂ)’t(n =L, ne, )80k 1 (n—1im1, .o g g )]
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ATl pi(n+1,n1,...,00,041) —AnI_IK,(rH)J(n,nI, ey My i)
r(l;_(r+1)7t(n+ L,ny,...,npnp41))0t

—}—QL;;_(rH)J(n—{— Ling,.onpnpp )8tk y) g1 (n,n0 + 1,m1,m2, .1y
+(1— /'Ll’é_(rH)’t(n%— Lng,oonpne )80 gy i1 (n+1,m1, . npnpg)
—[r(),;f(rﬂ)’t(n,nl,...,nr,nr+1))5t
—l—l;;f(rﬂ)’l(n,nl,...,nr,nr+1)5tHK_(,+1)J+1(n —Lny,..,npn+1)
+(1-— /I;L(HI)J(n,n] yoe sy ey 1) O gy 1y st (51015 1y )]
—[r(Ag_(p1), (mom1, - mey 1)) 61

+7L;;7(r+1)7t(n,n1 - ,n,,nr+1)5tHK_(,+1)7t+1 (n—1,ny,...,0p041+1)
+(1— l]?—(r—l—l),t(n’nl’ ey g 1) O g () et (o700 Py P )]
+r(Ag_ (1), (n = Ln1,. . np,negy)) 81

+7L;(<_(r+1)7l(n —1,n4,... ,n,,nr+1)6tHK_(r+1)’,+1(n—2,n0—|— L,ny,ny,...,n,)
+(1— l;—(r—i-l),t(n_ Lng,oonpne1)00) gy o1 (n—=1,ny, 0 npynpg )]
l;_(rH)J(n +1n, o ne, 1) 0ty 1y o1 (mon0 + 1,01, 2,1y

+(1— A;;_er)’t(n—i— Ling,.oonene1)00) gy i (n+ 1m0, n0,n000)

_[)’Iz—(r—i—l),t(n —Lng,... vnr7nr+1)6tHKf(r+l),t+l (I’l =Ly, nene + 1)
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+(1—-2Ag K—(r+1) Jn=Lny, e ne )8 g gy, (mony, . np, )]
—[A%_ (1) JntLng, e ne )8tk ) o (= 1ng, oo np,npy g + 1)
+(1 -2 (1) (n+ l,nl,...,nr,nrﬂ)&)HK,(,H)’,H(n,nl, e ey Myt
+[)”I§—(r+l)7t(n —Lng,eo o, n0) 0tk ) 1 (n—=2,m0 + Ly, na, . 1y
+(1— /'LI?_(HI)J(n— Lng,onpne )00 g oy o1 (n—1,ny, o np,npy )]
l;f(rﬂ)?t(n + 1m0, n, ) OtA ) 1 (100 + Ly, ma, oy
+(1— /'L;gf(ﬂrl)yt(n%— Ling,.oonene 1) 00) A g pypy i (n+1ng, . np,npg )
—k;f(rﬂ)’t(n — 1,n1,...,nr,nr+1)5tAnHK_(,+1)’,+1 (n—1,ny,...,npn11+ 1)
—(1-— A;Qf(rﬂ)’t(n —1,nyq,... ,nr,n,+1)5t)AnHK_(,+1)7,+1 (nyny,...,npnppq)
—Ag K—(r+1)1 (n+1,n,... n,n41)0t
ATl 1)1+ Ly npyy) = A g gy i1 (mymo + 1,nyyma, )|
Ak gty 1+ Lng, e ey nry )
+7L;(<_(r+1)7l(n— L,ny,...,np,np41)0t
[AnHK—(r+1)7t+1<nvn1»---y”ra”rﬂ) _AnHK—(rJrl),tJrl(n —Lny,... np, e +1)]
_AnHK—(rH),erl(”v”la--w”rv”rH)
—Ag K—(r+1)s [(n+1n,... n,n41)0t
ATk (p1) 1 (n+ Lna, oy ey y) = ATk gy i1 (00 + 1ynyna, o ymy )|
—I—?L;g_(ﬂrl)’t(n— 1,ny,...,n.n,41)0t
ATk (1) s 1 (01, 1) = Ay g1 (R = 1m0, e,y + 1)
ATy 1+ Ly, onpne ) = Al 1y 1 (momo + 1,0, m2, -y )
(1 —ll’éf(r+1)7l(n+ L,ny,...,npne41)0t)
ATl (1)1 (- Lngs e npgy) = ATk (pygy i1 (mymo + 1,myyma, o )]
—i—?LIZ(HI)J(n— L,ny,...,npnp41)0t

[AHHK—(r+1),t+l (n7n1 PR 7nr7nr+1) _AnHK—(r—H),t—H (n - 17”1 yee oy ey g+ 1)]
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The last inequality comes from
AnHK,(r+1)7,+1(n,no —+ l,nl,nz, ... ,I’lr) < AnHKf(r+1),t+1 (I’l,l’lo,nl,nz, - ,nr)

So the key point is to prove remark 1:

Proof of Remark 1.

Before we prove remark 1, we define AIl;(n,ny,...,n,,n.11) as follow,
ATy (n,ni, ..o nenegr) =g (nong, o neney) =i (n—1,n0, . onpe,neg +1).
Because

AnHK_(rH)J(n,nl,... My Myt ]) —AnHK_(rH)_‘,(n —1,ny,...,np 0+ 1)
= Hg_(ryny(mn,.npnepn) =gy (n— 1,0y, np,npp)
—(g—ggy,(n=1Ln1, e +1) =gy, (n—=2,n0 + 1,n1,m2,...,1y))
= Hg_(eyy(mn,.np ) =gy (n—=1,n1,. . e npgg + 1)
—(Mg_ g1y (n—= 1m0, e, npy) =gy, (n = 2,00 + 1,n1,m2,...,1y))

= AHK,(rJrl)’t(n,nl, NN ,nr,nrH) — AHKf(r+1),t(n — 1,n1,. .. ,nr,nrﬂ)
From equation (3),

HK,(,H),t(n,nl, i) = sup[Aot(p(A)+Tk—_pr1(n—1Lny,... ;0041 +1)
A

+(1 =26k (ry1y01(,015- 1y g
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We have

VAN

AnHK,(rH)J(n,nl, oy ey 1) = A (n—1,ng, .0 nep 4 1)
Alg_ 1y (mony, e onp ) = Allg oy (n—1ng, .o np, iy )

Oy g1y (0,01, np 1) =g epry  (n = 1,n1, . np, g + 1)
—(Og_(rg1y (n=1in1, o snpy ) =gy, (n=2,n0 + 1,n1,n2,...,ny))
Ak—re(nyn1, . e ne1)0t(p(Ag_yy (nyma, .1y g )

—Alg_ (1)1 (om0, 1)) F gy 1 (7051 )]
—[Ak_p(n=1,n1,. np e + 1)t (p(Ag_p (n— 1,0y, np g + 1))
—Allg_prp1(n—1,ny,...,npnpp + 1)+ g1 (n—Ling, ..o np,neg g + 1)
—[A% i (n—1Lni,.npne )8t (p(Af_ (n— 1,01, np,neg)

—Allg (ry1y 1 (n=Liny,nenen)) + gy (= 1Lnn, o np,neg)]
+Ak_r (n=2,n0+ 1,n1,n2,...,n,)8t(p(Ag_,,(n—2,n0+ 1,n1,n2,...,1,))
—Allg i1 (n—2,n0+ 1,ny,na,...,n)) + g1 (n—2,n0+ 1,n1,n2,...,n,)]
Ak —re(ron,. o ne )8t (p(Ag_yy(nyma, .oy 0y 1)

—Allg (rypy 1 (mnn, . nesn)) F Ak (g g (o0 )]
~Ak_p(n—=1,n1,. npe e +1)8t(p(Ag_py (n—1iny, .o np ey + 1))
—Allg_prp1(n—1,ny,... 00,041 +1))]

_[)*It—r,t@_ l,nl,...,nr,nr+1)3t(p(7tfé_r7t(n— Lng,...,n,ne41))

—Allg_ (1)1 (= 1m1, e np1)) + Allg gy 1 (n = L, oo np,npg )]
+Ak_pi(n=2,n0+ L,ny,n0,... ;) 8t (p(Ag_p (n — 2,00+ 1,n1,12,...,1y))
—Allg_prp1(n—2,n0+1,n1,n2,...,0,))]

Ak —re(nyn1, . e 1)0t(p(Ag—yy(nyma, . np 1y g)

—Ag_ g1y 410015 ey 1)) + Ak (1) 1 (1715, 1)
~[Ak—rs(n=2,n0+1,n1,n2,...,1,) 6t (p(Ag_p,(n—2,m0+ 1,n1,n2,...,1y))

—Allg—ps41 (l’l —Liny,.ooneneg + 1))]
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—[Ak—pi(nymy, .o ney 1) 0t (p(Ag (01, 1y g )
—Allg_ (1)1 (= 1m1, e nep1)) + Allg gy 1 (n— L, oo np, iy )]
Ak (n=2,n0+ 1,n1,n2,...,1,)8t(p(Ag_,,(n—2,n0+ 1,n1,n2,...,1,))
—Allg_prp1(n—2,n0+1,n1,n2,...,0,))]

= (1 =2Ag_p (mny,. o snp 1) 68) (AU g (g1 g1 (M50, -y Py 1)
—AHK—(r+1),r+1(” —Lng,....npn40))
—|—7L;}_r7,(n —2,no+ L,ny,na,...,n)0t(Allg 1 (n—1,nq,...,np,npq + 1)

_AHK—r,t-H(n —2,no+1,n1,nz,. .. 7nr))

So the problem change to prove Allg_ (1) ;41 (7,71, - 7y 1) = Allg_(py gy 41 (n—
Lny,...,np,np41) < 0. Using induction, prove Allg_ (1) (n,n1,...,0p,041) —
Allg_(y1)(n—=1,n1,...,np,np41) < Oequals to prove Allg_ (.4 1) 741 (7,701, By Bpg)) —

Allg_ (1) 741 (n—1,n1,...,np,n41) <0, and because

AnHK_(,H)’,(n,nl,...,nr,n,H) —AdTi (n—1,n,... ;0,001 +1)

= AHK—(H—]),I(”?”]?' . 7nr7nr+1) _AHK—(r+1),t(n = Lny,... 7nr>nr+])

So we just need to prove

AnHK—(r—Q—l),T—Q—l (l’l,nl, e 7”)’7”)’-1—1) - AnI_IK—r,T—Q—l (l’l —Lny,... My Mpg ] + 1) <0

An important observation is A, Ilg s (n,n1,...,np,nep1) = Allg i (n,ny, ... 0 0p41),
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until period K — (r+1), so

AnHKf(r+1),T+l(nanlv cee 7nranr+l) - AnHKfr,T+1(n - 17”17' oy My Npg ]+ 1)
= AnHKfr,l(n_l_nrvOanOanla ce. anrfl) _AnHKfr,l(n_Fnr - 1,0,7’1() + 17”17' . 7”)’71)

= AHK*F,I(n—i_nraOanOanla"'7”)‘*1) —AHK,rJ(I’l—}—nr— 1,0,1’10"‘ 17”17"'7”7‘71)

Prove Allg_,1(n+n,,0,n9,n1,...,n—1) —Allg_,. 1 (n+n,—1,0,n0+1,ny,...,n,—1) <
01is equivalent to prove Allgx_, 1 741 (n+n,,0,n9,n1,...,0,—1) =Allxk_ 1 741 (n+

n,—1,0,n9+ 1,ny,...,n,_1) <0, so we have,

Allg_pi1,741(n+n,,0,n0,n1,...,0,1)

_AHK—r+1,T+1(n+nr —1,0,n0+ 1,ny,...,n,—1) <0
< Ak i1 741(n+n.,0,n0,n1,...,0—1)

—A g1 741(n+n,—1,0,n0+ L,ny,...,n—1) <0
& AnHK7r+2,1 (n—}-nr,l +n,,0,0,np,... ,nr,Q)

_AnHKfrJrZ,l(n“’_nrfl +n,—1,0,0,np+1,... 7nr72) <0

Use the same methodology we can prove in period K — r,

Allg_r (n+1,n1,...,00,041) < Allg_i(n,n0+1,n1,1m2,...,0,)

Then we want to prove

Ann[{,m‘(l’l,l’ll, s anhnr-l-l) - AHHKfr,t(nJ/lO + 17”1?”27 cee 7nr) <0
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We will give another way to get K1 and K2:

ATk (rgry (0150 1y Py 1)

= HK,(HI)J(n,nl,...,nr,n,H) —I_IK,(FH)J(n —Lny,...,npnp11)

= Hg_qny(mny,..nene) =gy, (n—=1ny, . npnpyg +1)
g1y (= Lny,np ey + 1) =gy, (n =101, np,np41)

= AHK—(r—l—l),t(n;nl; s 7nranr+l) +Anr+|HK—(r+l),t(n - 17”17' c M M1+ 1)

Then we can get

Ak g1y (01 1) = ATl gy (R = Lomny ey g )

= Hg_(ryny(mn,.npnepn) =gy (n— 1,0y, np,mpp)
O g1y, (n=1,n1, . npenpgn) =g yqy, (0= 2,00, 0y, 04 1)

= Hg_(ryny(mn,.npnen) =gy (n—1,n1,. e npegg + 1)
g1y (n=Lnp, e npy ey + 1) =g ypy, (0= Ly, np, npg )
—(g—gg1y,(n=1,n1, o npnpgy) =g oyqy, (n=2,n1,. 0,0 + 1)
g1y (= 2,m1, ey +1) =gy (0 =201, 1y, 141 ))

= Allg_(op1) (mn1,- o np 1) + A, Hg oy (n—= 1,00, 0,0+ 1)
—(Alg_ 1y (= 1,n1, o np e y) + A O o) (n = 2,00, 0,11+ 1)

= Allg_(ry1)(mm1,. o npnpyy) = Ak (pyqy (= 1,m1, 0 np 0y y)

+(Anr+1HK*(r+l),t(n - 17”17' s My pg ]+ 1) - Anr_HHKf(r%»l),t(n - zanla N N S 1))

The last equation means if K1 and K2 exist, We prove our marginal inventory pol-

icy. So we try to prove the following two inequalities: AHK,(rH)’,(n,nl gy My Mpg]) —
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Allg_(rqny(n—1n1,. . npenpg1) <O (KD) and A, Xy (pyqy, (= 1,ny, .m0 +
1) = Ay Ty, (= 2,01,y np eyt +1) < 0 (K2).

Then we prove prove K1: because Allg_(, 1) ,(n,n1,...,0p,1p41) — Allg_ (o p 1) (n—
Ling,...,np,npq) satisfies Allg_ ) ,(n,n1,. .0, 1) —Allg_opy) (n— 1,00, 1,
Nyyl) = AnHK_(,H)’,(n,nl,...,nr,n,+1 +1)— AnHK_(,+1)7,(n — Ling,...,npnpp1 + 1),

which comes from

Alg_(rqry e (monsenenpgn) = Allg_ oy (n =1y, np,npgq)

= Hg_p1)(mn,..oonpnen) =gy (n—1ny, .m0 +1)
g1y (n=1,n1, . npnpe) =gy, (= 2,m1, 0 npnp gy +1)

= Mgy (mn,. o nene) =gy (n—1ny, .o np,npy )
—(HK_(,H)J(n— Lng,...,npnp01+ 1) —HK_(,+1)7,(n—2,n1,...,nr,n,+1 +1))

= AnHK—(r—l—l),t(n?nl?' .. ,I’lr,l’lr_H) _AnHK—(r—H),t(n - 17”17' cy My My ]+ 1)

From the processing function

i, (n,n1,...,npn041) = sup[Aot(p(A) +1Tg i (n—1,ny,..., 000,01+ 1))
A

+(1 = A6t)g 11 (n,n1,. .. 0y 1) +0(81)]
we know that

AHk,t(nvnlv' . 7nr7nr+1)
= Hk,t(”:”lw" 7nr7nr+1) _Hk,t(n_ 17”17~--7nr7nr+1 + 1)
= Mét(p(M) + 1 (n—Lng,.oonpnpy +1)) + (1= A 080) g 1 (ny 0,1y npg )

—(1252‘(}7(12) —I—I—Ik,tH(n —2.nq,... Jp N + 1)) + (1 —),25t)Hk7,+1(n —1,nq,... ,I’lr,nr+1))
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and then we have

IN

Al (n,ny, ... np,npp1) — Al (n—1,m1,.. 0, nqy + 1)

i, (n,n1,...onenepn) =g (n—1,nq, .o e np g + 1)

—(Mgs(n—=1,n1,...onpnp0) =g, (n—2,m1,. .. 0,y + 1))

Mot(p(M) + Ty ppi(n—1,n1,. . onpng1 + 1)) + (1= A0 60)I g (ny 11, 1y 1)

— (226t (p(A2) + Mgy (n— 2,01, ..., npy g1 +2)) + (1 = 2200y 1 (n— 1,ny, e, npgp + 1))
—(A36t(p(A2) + My (n—2,n1, ... ;npnep 1 + 1)) + (1 = A300) g i1 (n— 1m0, o0p 1)

+ (A8t (p(A3) + g1 (n—3,m1, .. npy i1 +2)) + (1 = 480 1 (n— 2,00, ... 0y g + 1)
Mot(p(M) — Al sy (nyny,...np,npp ) i1 (mon, o 0 )

—M0t(p(A2) = Al i (n—1,n1,..onpnpgy + 1) =g (n—Lng, .0 nep g + 1)
—M30t(p(A3) = Al 1 (n—1,n1,. . onpnpgy)) =g (n—Long, . np ey )

+A40t (p(Ag) = ALy 1 (n—2,m1, .. ey + 1)) 1 (n— 2,00, .. onp g + 1)
Mot(p(M) — Ay (n,ny, ..o snenpg)) + iy (nyny, .o np )

M0t (p(Ag) — Ay (n—1,my,.. 0 ney + 1)) = I (n—1,nq, ..o onpe ey + 1)
—Mot(p(M) —Allg 1 (n—1,m1,.. 0 nq1)) =i (n— 1y, np npgy)

+A46t(p(Ag) — Al s (n—2,n1, .., np ey + 1)) + g1 (n =200, onpy ey + 1)
—MOt(Ally y1(n,nt, .. 0 npeg 1) — Al (n—1,nq,.. o 0 0001))

+A40t (ATl 1 (n—1ma, .o onpy e +1) = Al 1 (n = 2,01, .. ynpy e + 1))

+(Ag 1 (nymy, .o npynpy) = Al (n— 1,1, np 1)

(1=2410t) (Al pq1(msn, .. snpynppy) — Al s (n—1,ng, . 0,0 )

FA40t (Al (n—L,ny, ... npy g + 1) = Al 1 (n—2,nq,. .. 0 npeg g + 1))

This equation means the dynamic process work in one day. So what we need is
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ATk g1y, 741 (0015 y) — Allg oy 71 (= 1m0 np negg) < 0. Which
means weneedAnHK_(,+1)7T+1(n,nl,...,nr,n,+1)—AnHK<,+1)7T+1(n—l,nl,...,nr,n,+1 +
1) =AdIg_p1(n+ni,n2,...,n41,0) —=AJJIg 1 (n+n; —1,na,... 041+ 1,0) <O0.

After that we will give the proof of A,IIx_,1(n+ny,nz,...,n,41,0) = AJJIg_,.1 (n +

n—l,n,...,n41+1,0) <0,

Adlg_p1(n+ny,ng,...,np41,0) = AJIIg i (n+ny—Lng,... ,n.41+1,0)

= Allg_,i1(n+ny,no,...,n41,0) —Allg_ 1 (n+n; —1,n2,...,n,41+1,0)

= Hg_ri(n+ni,ng,....0011,0) —Tg_p1(n+ny—1,no,...,np41,1)
—(Mg—pi(n+n1—1,no,... ;001 +1,0) = g1 (n+n1 —2,n2,... 041+ 1,1))

= M&t(p(M)—Allg_,o(n+ny,ny,...,n11,0)) +Hg_2(n+ny,nz,...,n.41,0)
—A0t(p(A) —Allg_po(n+ny —1,n2,...,n41,1)) =Hg_2(n+ny —1,n2,...,n,41,1)
—A36t(p(A3) —Allg_,o(n+ny — Lina,... .01+ 1,0)) =g_o(n+ny — Lna,...,n41 +1,0)

—|—7L46t(p(2,4) —AHK,r,z(n—i—nl —2,n,...,np41+ 1, 1)) +HK,r72(n+n1 —2,n,...,np41+ 1, 1)

IN

—MOt(Allg_ra(n+ny,ny,...,n41,0) = Allg_2(n+ny —1,n2,...,n,41+1,0))
+A46t(Allg_po(n+ny —1,na,...,npp1,1) —Allg_p2(n+n; —2,np,... 0,41+ 1,1))
+(Alg_po(n+ni,n2,...,n041,0) = Allg_2(n+ny —1,n2,...,n,41+1,0))

= (1-A061)(Allg_r2(n+ny,na,...,0m41,0) = Allg_2(n+ny —1,n2,...,n,41+1,0))

+(AHK—r,2(n+n17n27 s 7nr+170) _AHK—r,Z(n+nl - 1)”27 N S e 170))

This means Allg_,. (n+ny,na,...,n41,0) —Allg_,. 1 (n4+n; —1,na,...,n41+1,0) <
0 has the transition property in one day, and A,Ilx_,1(n+ny,n2,...,n41,0) = Al 1 (n+
ny—1,ny,...,n,+1+1,0) has the transition property cross the boundary. This is the rea-
son while we can get K1.

For K2, Anr+1HK—(r+1)7t("_ L,ng,...,npnpp 1+ 1) —Anr+1HK,(r+1)7t(n—2,n1, RN (N (PR
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1) <0, we will show another transition property:

Anr+1HKf(r+l),t(n - 17”17' My pg ] + 1) - AHHL]HKf(r#»l),t(n - 2an1a N N S 1)
= HKf(r+1)J(n —1,ng,...,np 0041 + 1) - HKf(r+1),t(n —1,nq,... ,I’lr,nr+1)
_(HKf(r+1),t(n — 2,01, Ap, Npp ] + 1) - HKf(qul),t(n —2,ny,... 7nr7nr+l))

= AnnK—(r—l—l),t(n —Lny,... My Npg 1 + 1) - AHHK—(H—I),I(” —Ln,... ,nr7nr—|—l)

Because

Ak _qny (n—1,n1,...npnpp g + 1)
= HK_(,H)’,(n— Liny,...,np 01+ 1) —HK_(,+1)7,(n—2,n1,...,n,,nr+1 +1)
= HK_(,H)’,(n— Liny,...,npnpp1+1) —HK_(,H)J(n—Z,n],...,nr,nr+1 +2)
g (1) (M =2,n1, o 0y +2) =gy (R = 2,00, 0y, g1 + 1)

= Allg_(p1),(n—=1n1,.ne e+ 1) + Ap Oy (n = 2,00, 1y, 41 +2)
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Then we have

App gy (n=1onn, ey +1) = Ay Ty, (= 2,m1, 00 np, 0y + 1)

= Alg_(py1) (n—=1Lin, . np e +1) = AIMg o) (n— 1m0, npg1)

= Allg_(pp1)(n—=1n1, o one e+ 1)+ Ay Ty (0= 2,01, 0y, 0041 +2)
—(AHK_(r+1)7,(n—l,nl,...,nr,nH_l)—|—Anr+]HK_(r+1)7,(n—2,n1,...,nr,nH_l+1))
Allg_ iy (n=1,n1,.npnpyy +1) = Allg_py) (n— 1,00, 0, 0p10)

= g g (n=1Lny, .oy +1) =gy, (n=2,n1,... ;00,0041 +2)

_(HK—(H—l),t(n —Lng,... ,I’lr,l’lr_H) - HK—(r—i—l),t(n = 2,11, Ay Npp ) + 1))
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A (1) (momayosnp ey +1) = An Mgy (n— 1y, np, gy +1)
= Hg_qn(mny,.nenen+ 1) =gy (mym1, 000,00 41)

—(Og_ g1y (n=1in1, . np ey + 1) =g pyqy (0= Lna, o0y, 0y )
= (M6t(p(M) +Hg_(rp1) 1 (0= 1,m1, .0 npp1 +2))

+(1 = A6 g (pq1y 41 (501, 0py g + 1))

— (A0t (p(A2) + Tk _(ry1y 1 (n—Liny, . np g 4+ 1))

+(1 =20k (py1y 41 (7015 sy Ry 1))

— (430t (p(A3) + Hg_(ry1) 1 (m = 2,11, 1y, 1y i1 +2))

+(1 =360 g _(pq1y 41 (= 1,ny, 0oy npy 1y + 1))

+ (40t (p(Aa) + Mg _(py1y 41 (= 2,11, npynpy + 1))

+(1 = A6t g _(pq1y 41 (= 1,ny, . npympi1)

IN

(M8t(p(M) + g (ry1) (=101, np ey +2))

+(1 =4 60) g _(pq1y 41 (1,11, 1py gy + 1))

—(Midt(p(M) + Mgy 1)1 (n—Lny, . np nppy 41))

F(I =280k (p1) 11 (1151 11)

—(A461(p(As) + g (ry1) 41 (n—2,m1,. . 0,01 +2))

+(1 = A40) g (1)1 (n = Liny, oo ynpy iy 1))

+(A46t(p(Ag) + g, 1) 41 (n= 2,00, npy 1y + 1))

+(1 = A0t) g1y 41 (n— 1,0y, np,npp)

= Mét(Mg_yrypi(n—1Lng, . npnp 1 +2) =g ) i1 (n—= 1,01, 0, n 4+ 1))
+(1=2A16t) (Mg (1) g1 (115 oy ey + 1) =gy i1 (mym1, oy 1)
—Aat(Mg_ oty 1 (n=2,m1, 01 +2) =g o1y i1 (0= 2,00, 0,0 + 1)

_(1 _145t)(HK—(r+l),t+l(n_ 17”17"' s Mp Ny + 1) _HK—(r—H),t-H(n_ l,l’l],...,l’lr,l’lr+])>
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Appendix .C Codes of the Programme

function v=rental_duration (al,bl ,X,K,T) %a, b
Y9D=zero(m,n);
9D(m,n)=zeros (K, T,X,X,X);
D=zeros (K, T,X,X,X,X); %optimal expect revenuegiven k and t, x=I
DP=zeros (K, T,X,X,X,X); %optimal pricegiven k and t, x=I
for k=K:—1:1
if k>1
for t=T—-1:-1:1
for x1=1:1:X
for x2=X—x1+1:—-1:1
for x3=X—x1-x2+2:—1:1
if x1>1
D(k,t,x1,x2,x3,X—x1—x2—x3+3)=maxrl (al ,bl ,D
(k,t+1,x1—-1,x2,x3,X—=x1-x2—x3+4) ,D(k, t
+1,x1,x2,x3,X—=x1—-x2—x3+3));
DP(k,t,x1,x2,x3,X—x1—x2—x3+3)=optprice (al,
bl ,D(k,t+1,x1—-1,x2,x3,X—x1—-x2—x3+4) ,D(k
,t+1,x1,x2,x3,X—=x1—-x2—x3+3));
else
D(k,t,x1,x2,x3,X—x1—-x2—x3+3)=D(k, t+1,x1,x2
,X3 ,X—x1-x2—x3+3);
DP(k,t,x1,x2,x3,X—x1—x2—x3+3)=al/bl;
end
if t==1 && X—x1—x2—x3+3==
for x4=1:1:x1
D(k—1,T,x4 ,X—x2—x3—x4+3,x2,x3)=D(k,t,x1,
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x2,x3 ,X—x1—x2—x3+3);

end

else

end

end
end
end
end
else

for t=T—-1:—-1:1
for x1=1:1:X
for x2=X—x1+1:—1:1
for x3=X—x1-x2+2:—1:1
if x1>1
D(k,t,x1,x2,x3,X—x1—x2—x3+3)=maxrl (al ,bl ,D
(k,t+1,x1—-1,x2,x3,X—x1—-x2—x3+4) ,D(k, t
+1,x1,x2,x3,X—=x1—-x2—x3+3));
DP(k,t,x1,x2,x3,X—x1—x2—x3+3)=optprice (al,
bl ,D(k, t+1,x1—-1,x2,x3,X—x1—x2—x3+4) ,D(k
,t+1,x1,x2,x3,X—=x1—x2—x3+3));
else
D(k,t,x1,x2,x3,X—x1—-x2—x3+3)=D(k, t+1,x1,x2
,X3 ,X—x1-x2—x3+3);
DP(k,t,x1,x2,x3,X—x1—x2—x3+3)=al/bl;
end
end
end
end

end



end
end
Yov=D;
v=DP(1,1.,X,1,1,1);

9%v=DP;

a0=20;
b0=10;
x0=12;
k0=8;

t0=21;

P=rental_duration (a0,b0,x0,k0,t0);
average_price=zeros (1000);
average_inventory=zeros (1000);
Number_customer=zeros (1000) ;
averageprice =0;
averageinventory =0;
total_customer=0;
for j=1:1000
state=[1 1 xO0 1 1 1];
state_compare=[0 0 0 0 O O];
price=zeros (kOx(t0—1));
probability=zeros (kO*(t0—1));
total_price =0;
total_inventory =0;

for i=1:k0x(t0—1)

probability (i)=f_2 (state ,P);

state_compare=transfer_2 (state ,

f_2(state ,P) ,k0);

62



63

if state_compare (3)<state (3)
Number_customer(j )= Number_customer(j)+1;
else
end
state=state_compare ;
price (i)=(a0—probability (i)*20)/b0;
total_price=total_price+price(i);
total_inventory=state (3)+total_inventory;
end
average_price(j)=total_price/1i;
average_inventory (j)=total_inventory/i;
%fprintf(’%f\n’, average_price(j)) ;
end
for jj=1:1000
Joaverageinventory=averageinventory+average_inventory (jj);
averageprice=averageprice+average_price(jj);
total_customer=total _customer+Number_customer(jj);
end
averageprice=averageprice/1000;
averagecustomer=total_customer/1000;
YDofor t=1:200
Yototal _average_price=0;
Yototal _average _price=total_average _price+average_price(t);
Yoend
Joaverage _price=total_average _price/t;
YGodetermin_price(t)=0.72;
t=1:200;
plot(t,average_price(t));

Yoplot(t,average _price(t),t,determin_price(t));
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function final_state=transfer_2 (current_state , prob,k_n)
r = unifrnd (0,1);
if r < prob &% current_state (3)>1
next_state=[current_state (1), current_state (2)+1,
current_state (3)—1, current_state(4), current_state
(5),current_state (6)+1];
if next_state (2)>20 && next_state (1)<k_n
next_state = [next_state(1l)+1, next_state (2) —20,
next_state (3)+next_state (4)—1, next_state (5),
next_state (6), 1];
end
else
next_state=[current_state (1), current_state (2)+1,
current_state (3), current_state(4), current_state (5),
current_state (6) ];
if next_state (2)>20 && next_state (1)<k_n
next_state=[next_state (1)+1, next_state (2)—20,
next_state (3)+next_state (4)—1,next_state(5) ,
next_state (6) ,1];
end
end

final_state=next_state;
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